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Abstract 

, In this paper, norm estimates are obtained for the problem of minimal-norm tangential 

interpolation by vector-valued analytic functions in weighted H p spaces, expressed in 
^ r*| terms of the Carleson constants of related scalar measures. Applications are given to the 

notion of p-controllability properties of linear semigroup systems and controllability by 
functions in certain Sobolev spaces. 
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\q '. 1 Introduction and Notation 

O . 

Given a Hilbert space TL, operators G±, . . . , G n on Tt, vectors a%, . . . ,a n in TC, and z%, . . . , z n 
in C+ we estimate the minimal norm of a function / G H^y(C + ,7i.), 1 < p < oo, satisfying 
the interpolation conditions 

X' 

G k f(z k ) = a k (fc = l,...,n) 

(all necessary notation is explained below). This can be regarded as a problem of tangential 
interpolation in the sense of pQ. We shall see that in many cases a sharp estimate can be 
given in terms of the Carleson constants of various scalar measures. 

In the paper [6], certain weighted vector- valued generalizations of the Shapiro-Shields inter- 
polation theory [12J for the Hardy space H 2 of the right-hand complex half-plane C+ were 
achieved. The central tool was a modification of an approach of McPhail [9] to the matrix 
case via matrix Blaschke-Potapov products (see e.g. which allowed a unified treatment 

of tangential interpolation results in the literature as well as their extension to the general 
weighted case (in the sense of matrix weights in the target space). 

The purpose of the present paper is to extend this weighted tangential interpolation theory 
to interpolation by functions in vector- valued H p spaces, 1 < p < oo, on the right half plane. 
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In certain cases, we can also deal with matrix- weighted vector- valued H p spaces. Note that 
matrix weights appear in two different meanings here. First, we use "matrix weights in the 
target space", in the sense that given a sequence of distinct points (z k ) in the right half plane 
C + and a sequence of N x N matrices (Gfc), thought of as weights, with ranges J k C C , 
we try to find for each sequence in (a&) in £ p (J k ) an interpolating C N valued function / in 
an appropriate space with Gkf^z^) = a k for all k. Weights in this sense are very useful for 
questions of controllability in linear systems with multidimensional input space governed by 
diagonal semigroups, as discussed in [6j. The main interesting case here is the "tangential" 
case, i.e., where rankG& = 1 for all k E N. 

Second, the weights newly introduced in the present paper are matrix weights on the space of 
interpolating functions. Namely, rather than interpolating by functions in H 2 (C+,C N ), we 
will seek to interpolate by functions in the weighted vector-valued -ff p -space 

H P V (C + ,C N ) = {/ : C+ -> analytic: sup f (W(t) 2 / p f(t + e), f(t + e)) p / 2 dt < oo}, 

e>0 JiR 

where W is a measurable function on iR taking values a.e. in the positive invertible N x N 
matrices. We want to refer to W as a "matrix-weight in the function space". The motivation 
in this case is given by questions of controllability by functions in certain Sobolev spaces, 
which are new even in the scalar case. 

Again, the approach of McPhail modified to the matrix case will play an important role, 
together with the theory of matrix A2 weights. 

In Section [2] we give norm estimates for the minimum- norm interpolation problem. Applica- 
tions to various notions of controllability are contained in Section [3l 

We shall frequently use the following notation. Let (z k )keN be a Blaschke sequence of pairwise 
distinct elements in the right half plane C+ = {z E C : Rez > 0}. Let bk{z) = z ~- k denote 
the Blaschke factor for z^. For n E N, 1 < k < n, let B n (z) = YYj = ibj(z), B n ^(z) = 

Yl™ =1 j-£ k bj(z), b ntk = B n)k (z k ), fro^fc = lim^oo B n ^{Zk) ■ 

Also k Zk = 2^FFl^r denotes the reproducing kernel at z k , so that (f,k Zk ) = f(z k ) for all 
/Ei/ 2 (C + )/ 

For an index p with 1 < p < 00, we use p' to denote the conjugate index p/(p — 1). 

2 Interpolation 

The aim of this section is to extend the results of McPhail [9] to a vector setting. We begin 
by collecting some tools. 

2.1 Carleson— Duren type embedding theorems for matrix measures 

Recall the classical Carleson-Duren Embedding Theorem (see e.g. [ID], [3]). 

Theorem 2.1 Let \x be a non-negative Borel measure on the right half plane C+ and let 
1 < a < 00. Then the following are equivalent: 

1. The embedding 

H p (C + ) ^ L ap (C + ,fi) 
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is bounded for some (or equivalently, for all) 1 < p < oo. 
2. There exists a constant C > such that 

\k x (z)\ 2 d^(z) < C\\k x \\ 2 H2a for all A € C+ 

JO 

3. 

fi(Ql) < C\I\ a for all intervals Id, 
where Qi = {z = x + iy E C + : y 6 /, < x < \I\}. 
In this case, \i is called a a-Carleson measure. 

For < a < 1, we will call \i an a-Carleson measure if the embedding 

H*(C+) - L QP (C + ,^) 

is bounded for some (or equivalently, for all) 1 < p < oo. In this case, conditions (2) and 
(3) of the Theorem are no longer sufficient to [i to be a-Carleson, but they are easily seen 
to be necessary. A necessary and sufficient condition for the case a < 1 can be found in [8, 
Thm. C], and will be summarized in the following theorem. 

For a scalar or operator valued regular Borel measure \i on C+, let denote the balayage of 

S^iu) = / p z (iu)d[i(z), 
Jc+ 

where 

x 

x 2 + {y- uo f 

denotes the Poisson kernel for z = x + iy on i 



p z (iuj)=ir 1 -2 (1) 



Theorem 2.2 J3J/ Let < a < 1 and let /i be a (scalar-valued) non-negative regular Borel 
measure on C+. Then 

fl*(C + )->L°*(C + ,/i) 

is bounded for some, and equivalently, for all < p < oo, i/ and onZt/ £/ G L 1 ' (iR) . 

For a discrete measure with finite support, // = X^fcLi A k^z k on C+, the balayage (if it exists) 
can be conveniently expressed as 

N 
k=l 

We can trivially include the notion of a O-Carleson measure here, denoting a finite measure, 
and find that 

H°°(C + )^LP(C + ,v) (2) 

is bounded for some, and equivalently, for all < p < oo, if and only if \i is O-Carleson. 

We write Carl Q (//) for the infimum of constants satisfying 12.11 (2) in case a > 1, respectively 

II^mIIi/CI-o) m case < a < 1. With this notation, the known results yield easily that 

||1Z*(C + ) -> L Qp (C + ,/,)|| « Cariy^)( M ) 
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for 1 < p < oo, a > 0, with equivalence constants depending only on p and a. 

Let us use the following notation: For < p < oo, H a finite or infinite-dimensional Hilbert 

space, 



H p (C + ,H) = {/: C+ analytic: sup / + e)\\ p dt < oo 1 

I e>0 JiR J 

H P (C-,H) = \ f ■ C+ ->■ W anti-analytic: sup f \\f(t + e)\\ p dt < oo 

I e>0 JiR 



Although a full operator analogue of even the classical Carleson Embedding Theorem is not 
known, the following is easily proved. 

Theorem 2.3 Let fi be a non-negative operator-valued Borel measure on the right half plane 
C+. For < p < oo, let 



< oo 



L p (C+,H,n) = \f : C+ ->■ H strongly measurable : I (dfi(z) 2/p f(z), f{z)) p/2 
I Jo 

Let be the total variation of n, 

\\n\\{A) = sup < ^2 IIMA)!! : Ai, . . . ,A n pairwise disjoint, A\ U • • • U A n = A, n £ N > . 

Suppose that \\fi\\ is a scalar a- Carleson measure. 
Then the embedding 

H p (C+,H) L ap (C+,H,v) 
is bounded for 1 < p < oo, < a < oo, and the embedding 

H°°(C + ,H)^L p (C +1 H lf i) 

is bounded for < p < oo, a = 0. 

If dimTt < oo, then the reverse is also true. 

Proof A proof is stated here for the convenience of the reader. Let / € H P (C + ,H). 
Choosing an orthonormal basis (ej) of H and writing fj = (/(•), ej), we obtain 

/ (d^zf^f(z)j(z)r p / 2 < f (f^imfr^dMiz) 

Jc+ Jc+ j=1 

/ / ixVj-w/^rcMiMiK*) 

Jc+ Jo 



< 



r- 

oo 



[■I [■ °° 

JiR j=1 f 

[ (jr\w)\ 2 r /2 dt 

JiR , =1 



HP 
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by the Carleson-Duren Theorem, respectively the definition of a a-Carleson measure, in the 
scalar case. Here, the rj, j £ N, denote the Rademacher functions on [0,1], and we use 
Khintchine's inequalities in lines 2 and 4, and constants depend only on p. 
For the reverse implication in the finite-dimensional case, just note that a comparison of 
trace and operator norm gives that \\/i\\ is a scalar a-Carleson measure if and only if tr// is 
a-Carleson. Let ex, . . . , ejy denote an orthonormal basis of H. Then in case < a < oo, the 
reverse implication follows easily from the identity 

N 

\f(z)rdtxfi = J2 (d^) 2/iap) f^)eiJ(z)e l } ap/2 Cfe# p (C + )) 

and the scalar case. In case a = 0, apply boundedness of the embedding H°°(C + ,7i) — > 
L p (C + ,7i, fi) to the constant W-valued functions ex, ... , e^. ■ 

Finally, we want to deal with a less trivial case, the case of matrix-weighted embeddings. 
A strongly measurable function W : iR. — > C(TC) is called an operator weight, if it takes values 
in the positive invertible operators in C{TL) a.e. and ||W||, G L\ oc (iM). If dimW < oo, 

we speak of matrix weights. A matrix weight W is called matrix A2, if 



sup 

,/ bounded interval 



1 jf w~\t) dtj V2 J i w(t) d?) (1. jf w~\t) dtj 1/2 



< 00 
(3) 



(see |14|). An equivalent formulation is the "invariant matrix A2 condition" 

sup \\(W- 1 (z)) 1/2 W(z)(W- 1 (z)) 1 / 2 \\ < 00, (4) 

zec+ 

(see |14l Lem. 2.2]), where W(z), W~ 1 (z) denote the Poisson extension of W resp. W^ 1 in 
z G C+ (so in general W (z) 7^ (W(z))^ 1 ). The invariant A2 condition implies at once 

w-\-) ^ (w(-)r 1 . 

For matrix A2 weights, we have the following matrix-weighted embedding theorem, essentially 
taken from |15j : 

Theorem 2.4 Let p, be a non-negative N x N matrix-valued Borel measure on the right half 
plane C+ ; and let W be a matrix A2 weight on iM. We write W(z) for the harmonic extension 
ofWinzG C+. Let 

Llr(iR,C N ) = If : C+ -» C N measurable : [ (W(t) f(t), f(t))dt < 00 



L 2 W {C + ,C N ,dp) = 

f : C+ -» C N measurable : I {{W{z)) l l 2 d^{z){W{z)) 1/2 f(z), f{z)) < 00 



Then the embedding 

L 2 w (iM,C N )^L 2 w (C+,C N ,dp) 
is bounded, if and and only if fx is a matrix Carleson measure. 
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Proof "<^=" For the case of the unit disk and scalar measure fi, this is proved in |15l 
Lem. 4.1]. The case of the right half plane for scalar measures is proved similarly. To obtain 
the boundedness of the embedding for a matrix measure fi, just note that tr fj, is a Carleson 
measure by Theorem 12.31 and that 

{{W{z)) l l 2 d^z)(W(z)f/ 2 f(z),f{z))< f (W(z)f(z)J(z))dtr^z). 

As in the case of the unit disk, the matrix A2 condition implies a certain factorization 
of the weight. Namely, there exist matrix-valued functions F,G G L 2 oc (i'K,C NxN ) such that 
F o M, G o M are outer functions in H 2 {B, C NxN ), and W = F*F, W' 1 = GG* a.e. on iSL. 
Here, M : O — > C+ denotes the Cayley transform z 1— ► (For the case of the unit disk, see 
the proof of |15|, Thm. 3.2]. The case of the right half-plane C+ then follows easily from the 
fact that composition with M maps a matrix A2 weight on iW to a matrix A2 weight on T.) 
As in the proof of [El Thm. 3.2], 

|detG(z)| = IdetF(z)!" 1 for z G C + 

and 

F*(z)F{z) < (F*F)(z), G{z)G*(z) < (GG*)(z) for all z G C+ (5) 
by Cauchy-Schwarz. Since by the matrix A2 condition there exists a constant C > with 

{W' 1 {z)) 1 ' 2 W{z)(W- l {z)) 1 ' 2 < C 2 1 for all z G C+, 

it follows that 

sup |de W z))||det (W ^ W )l = sup ^f^T^C^f £ °" ' 

2ec+ |detF(z)|^ |detG(z)|^ 

with both factors bounded by below 1 because of (|5|). Thus 

I det G(z)\ < (det W'^z)) 1 / 2 < C N \ det G(z)\ for all z G C+. 

As 

< (W- 1 (z)y 1 / 2 G(z)G*(z){W' 1 (z))- 1/2 < 1 

and 

^ < det((VF- 1 (z))- 1 /2 G(z)G * (z)(H /-i (z)) -i/2 ) < 1 f or z £ C+ , 
it follows that 

^1 < (W- 1 (.))- 1 / 2 G(,)G*(.)(^- 1 (z))- 1 /2 < 1 for 2 G C + . (6) 
Applying the invariant matrix A2 condition yet again, 

^1 < (W(z)) 1 / 2 G(z)G*(z)(W(z)) 1 / 2 < C 2 1 for z G C+. (7) 
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Now let A G C+, and let ei, . . . , ejy be the standard basis C^. Then (|7|) implies 
1 



\k x (z)\ z dtr v(z) 

+ 



C 2N 

< [ tr(G(z)\W(z)) 1 / 2 d^z)(W(z)) 1 / 2 G(z))\k x (z)\' 



c 4 

N 

= E/ ((W(z)) 1 / 2 d f i(z)(W(z)) 1 / 2 G(z)k x (z)e u G(z)k x (z)e l ) 

iV 

< C 2 / Y^iW^G^kxeuG^kxeJdt 

JiM i=1 

= C 2 I tr(G*(t)W(t)G(t))\k x (t)\ 2 dt = NC 2 \\kx\\ 2 H 2, 

JiM 

where C denotes the norm of the embedding L^(iR, C*) -» L 2 ^ (C+, C^, tfyt). Thus tr fjL is a 
Carleson measure, and is a matrix Carleson measure by Theorem! 



2.2 Certain shift-invariant subspaces in H P (C + ,H) 

Let Ti be a separable Hilbert space. Exactly as in Lemma 2.4 in [6], one proves 

Lemma 2.5 Xei 1 < p < oo, and let (-Zfc)fcem 6e a sequence of pairwise distinct elements 

of C+. For eac/i G N, let O TC be a closed linear subspace of H. Let C n = {/ G 

H p (C + ,H) : f{z k ) G L k forl < k < n}. Then C n = e^H p (C + ,H), where is ffce 
matrix-valued Blaschke-P otapov product 

Q L n {z) = (&l(*)P£ + P £l ) • • • + P£j (* G C+), 

u>/iere 



and is the orthogonal projection Ti — > Lfc- 



Li = Li, L fe = e£_iC8 fc )~% /or 2 < k <n 
pi 

One sees easily that P L ±®^( z k) = for k = 1, . . . , n. 
If ( z k) is a Blaschke sequence, then 0^ converges normally (uniformly on compact subsets of 
C+J to an inner function with Q L H P {C + ,TL) = n n ^C n . 

2.3 Interpolation Theorems 

With the notation of the 0^, we can formulate our generalizations of McPhail's result [9j 
Thm. 2 (B)]. Let W be an operator weight such that there exists M G N with 

/ 7 T - t T W (ll^)ll + ll^" 1 WII)*<00. 
JiM V 1 + l ) 

We define for 1 < p < oo 

H P V {C + ,H) = If : C+ -^H analytic: sup I (W{t) 2 ' p f(t + e), /(t + e)) p/2 dt < oo) , 

I e>0 JiR J 
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H P V (C^,H) = 

\f :C + ^H anti-analytic: sup I (W(t) 2/p f(t + e), f(t + e)) p/2 dt < oo 1 

I £>0 JiR J 

and for p = oo, 

H%(C+,H) = {/ : C + -» H analytic: sup sup \\W(t)f(t + e)|| < oo}, 

£>0 teiR 

fl^(C_,W) = {/: C+ ^ft anti-analytic: sup sup || W(t)/(t + e)|| < oo}. 

e>0 teiR 

For N = dimH < oo, it was shown in p3] that W is a matrix A2 weight as in ([3]) if and only 
if 

I^(tR,H)^H$y(C+,H)®ltfy(C-,H), (8) 

with equivalence constants of norms only depending on N and the A2 constant of W. 
With the above notation, we have the following duality relations for 1 < p < 00: 

(L p w {iR,H)/H p w {C + ,H))* = H P w _ 1/{p _ 1} (C^n) = {/:/€ g^ ZI _ (C + ,H)} , 

where / stands for the coordinatewise complex conjugate with respect to some fixed or- 
thonormal basis of TL, and W~ l stands for the entry- wise complex conjugate of the matrix 
representation of W -1 with respect to the chosen basis. The duality is given by 

<[/U>= / (f(t),g(t)) H dt 

JiR 

for [/] G L P w {iR,H)/H P w {£ +: H) and g G fl^_ 1/(l> _ 1) (C_ J 'H). 

for 1< p < 00. For p = 1 we have (L l w (iR,TL)/H^(C + ,TL))* = H^QC^H). 

Let TL be a separable Hilbert space, and let (Gfc)fcgN be a sequence of non-zero bounded linear 
operators on TL with closed range. We will be particularly interested in the case of finite- 
dimensional TL and of G k being of finite rank, specifically of rank 1. We write I k = (ker Gk)- 1 -, 
Jk = range Gk for k G N, and denote dim Ik = dim Jk by dk in the case that Gk has finite 
rank. In the finite rank case, we write, slightly abusing notation, G^ 1 : — ► Ik Q C N 
for the linear operator defined by (Gk\i k ^j k )~ 1 Pj k - We fix the Blaschke sequence (zk)k&N of 
pairwise distinct elements of C + and the sequence (Gk)keN- 
For n G N, 1 < p < 00, and 1 < s < 00, let 

m n . PySyW = sup inf{||/|| p : / G i?^(C + ,ft), G k f(z k ) = a k , k = l,...,n}. 

ae^ =1 J k ,\\a\\ s <l 

and 

ti p ,s,TV = sup inf{||/|| p : / G J3^(C + ,H), G k f(z k ) = a k , k £ N}. 

ae©£ x J fc ,||a|U<l 

A weak* compactness argument shows that m PtS) w = ^P n eN m n,p,s,w ■ 
Here comes the main interpolation result. 
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Theorem 2.6 Let 1 < p < oo. Let {Gk)k&i, (Lk)keN, (-Zfc)fceN; fn P ,s,W be defined as above. 
Let e 1 be the inner function associated to the sequence (zk)kei>i an d ^ e sequence of sub spaces 
(Jk )fcgN as i n Lemma \2~h\ 

1. If 1 < p < oo and 1 < s < oo, then 

Wp 

where 

iy p = e 7± V- 1/(p_1) e /± t/i< p < oo, w x = e I± *w- 1 e I± , 

and J is the natural embedding operator. 

2. If 1 < p < oo, s = 1, then 

m P ,i,w = \\Ji\\ hp! (C _ )70 _^» (W) (« e N), 

where W p is as above, and J\ is the embedding 

J X : H p w (C_,W)-*°°(W), f~ (2^(G^yW(^jf(z k )) keN . 

p \"oo,k\ 

Proof As in the case p = 2 [6] , we prove this by first interpolating finitely many points and 
then using the uniform convergence of the Blaschke products O^, G^ X on compact subsets of 
C + : 

Lemma 2.7 Let 1 < s,p < oo. Let (G k )keN, (4)fceN, (^)feeN, (mn,p,s,w)n&i be defined as 
above. Let 0„ be the inner functions associated to the tuple zi,...,z n and the subspaces 
Ii , . . . , 1^ as in Lemma \2.5l 

1. If 1 < s < oo, 1 < p < oo, then 

rn n , p , s ,w=\\J\\ H £ { ^,H)^'{c + ,H4^s) (nGN) ' 

where 



^ = Enri7 1 ( «(^) t ^ 1 ^ 1 ) t ^^)) s ' /2 ^' 
k=i l ° n > kl 

u „„ p = ei^w-^-^eC ifi< P <oo, w n ,t = ei^w-'ei 1 



and J is the natural embedding operator. 
2. If s = 1, 1 < p < oo, then 



m n , p , 1>w = \\Jn,i\\ Hf > {c _ >n) ^ (H) (neN), 



where W UtP is as above and J n ,\ is the embedding 

^Re z k 

bn.k 



J n ,i:H p - (C_,70-O«). f^^^G^n^k)f{z k )) k=l _ n . 

Wn,p \0„ hi 
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Proof Choose M G N such that 

1 



(1 + *) 



M 



(\\W(t)\\ + \\W-Ht)\\)dt<oo. 



For a G ©£=1 J fc , let 



fe=l 



(recall that G^ 1 : J fc -» 4, (B^)- 1 : I k -► ft). By choice of M, $ a G L^(iE, n 
L°°(*R,£(H)). LetF a = 6f $„. 

As in Lemma 2.7 in [6], one proves that F a extends to an analytic function on C+ and that 
G k F a (z k ) = a k for k = 1, . . . , n. 

Since <S> a \ iR G L^(iR,£(H)) n L°°(iR,£(W)) and 9^ is inner, F a G F^(C+,C Ar ). So F a 
is an interpolating function in the desired sense. We now seek to solve the minimal-norm 
interpolation problem. 

For all g G H p (C + ,Tt) with G k g(z k ) = a k , we have g(z k ) - F a (z k ) G l£. 
By Lemma 12.51 

m ntP>S) w = sup inf \\F a - Q 1 ^ f\\ p W 

inf ll^a — /II q/-l*u/c 1 j- l 

feH p . . . (C+,70 p ' e " 
e£ we' 

l|[*a]||tf- (iR,H)/tf p . .(C+,«) 

SUp |($a,/)|, 
(C-,W),||/||=1 





sup 






aef. 




a 


3=1 




sup 






aGC 




a 


3=1 




sup 






aG6 




a 


3=1 




sup 






aG6 




a 


3=1 



(9) 



where W n , p = 9^ *W~ 1 ^-^e I n ± for 1 < p < oo and W^i = 9^ *W~ 1 e I n ± . Now we have 
to distinguish between the cases 1 < s < oo and s = 1. 
Temporarily writing 2 for 

<J C -' H ) = ^w( lX '^Ve^ C+ ' W ))' we have for 1 < s < °° : 

"V PlS) jy = SUp SUp |($ )/)| 

aee^ =1 J fc ,||a|| s =l/G2, ||/||=1 

= SUp SUp |($a,/)| 

/g^,||/||=i oeejj =1 J fc> ||a|U=i 

n / 1 _|_ \ M 

= sup sup KE^ItT 1 ) (©SO^V,/)! 

= sup sup 

/e-a;,||/[|=i ae©]f =1 J fc ,||a|U=i 



2vr 



'g - (* + *> (tt?) " Wm>«, ^^-} 



# 2 (c+) 
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Thus, 



mn, P ,s,w = sup sup 

fez,\\f\\=i aee^ =1 Jfc,]|a|U=l k=1 

n 

= 2tt sup sup I V(2Re(z fc )a fe ,(G^ 1 )*((e^)- 1 r/(^))l 

feZ,\\f\\=l ae®% =l J k ,\\a\\s=l k=1 

= 2vr sup ff;ii^^(G^re^)c/ n /(^)iry 



/e2,]|/||=i V fe= i 



Here, t/ n is a suitably chosen unitary operator, using Lemma 2.6 from [6] in the third line of 
the proof. 
If s = 1, then 

mn )P ,i = sup sup \{®a,f)\ 

aS©E =1 J*,|M|i=l feH p' (£-,H), ||/||=1 

sup suppRe^O^^^e^^V/^)!! 



/e-ffji' (C_,W), ||/||=i fc ^ n 



Re(z fc ) 



sup sup ||2^^(G^)i^(z fc )*7 n .f (z fc )|| 

/efl& (C_,W),||/||=i fc ^ |0 ™' fc| 



Re(zfc) 



sup sup||2— ^±(G^)*Qi n ( Zk )f( Zk )l 
f£H p - (C-,H), ||/||=1 k - n 1 n ' fc| 



This finishes the proof of Theorem 12.61 ■ 

In the unweighted case, we can instead consider a Carleson embedding for a simpler measure, 
restricted to an invariant subspace of the shift operator: 

Corollary 2.8 Let 1 < p < oo, 1 < s < oo. 

m n)P)S = \\J\^ HP > ( C _^^ L >> ( C+ ^ a)H )\\ i n £ N), 
m p ,s = \\J\qT hp > '(c_ tH )^ L s> ■ {c+,ix 3 ,n)« ( n e N ), 

where 

^s = ±^^(G k HG k ^r' /2 s Zk , 
k=i |0n ' fc| 



t'.S 



k=i \ boo > k 



n 



Proof This follows immediately from Theorem 12.61 ■ 

We have thus reduced the interpolation problem to the boundedness of an operator-weighted 
Carleson embedding. In the finite-dimensional case, we can in many instances give criteria 
for the boundedness of this embedding: 

Theorem 2.9 Let 1 < s,p < oo, let Ti = C N , let {Gk)keN, (Ik)keN, (zk)k£N, be defined as 
above, and let f i— ► E(f) = (Gkf(zk))keN be the evaluation operator. 

1. Let 1 < p < oo, 1 < s < oo. Then E(H P (C+,C N )) 5 £ s (Jk)> if an d only if the scalar 
measure 

OO |r>T3 is' 

fc=l 1 °°' fcl 

is an Carleson measure. (This holds also in case p = 1 with the notion of O-Carleson 
measure from Equation 

2. Let s = 1, 1 < p < oo. Then E(H P (C+,H.)) 5 (</&), if and only if the operator 
sequence 



Joo,k I 



is bounded. 



Proof A weak* compactness argument shows that E(H p (C+,7i.)) 5 £ s (Jk) if an d only if 
{mn,p,s) is bounded. The remainder of the first part follows directly from the comparison of 
the norm and the trace of a positive matrix, Theorem 12.61 Theorem 12.31 and the invariance of 
the a-Carleson condition under complex conjugation. For the second part, recall additionally 
from the proof of Lemma 12.71 that 

Re(zk) 



rrin,p,i= sup sup ||2 ^" v ^ ; (G k 1 )*e^(z fc )/(z fc ) 

/eHp'(c_,w), ||/||=i k < n 

ReOfc)^,! |Re(% 



|i/p 



S up||2^^(gfe 1 )*8^(^)l|[l^Jl L p (iR)/gP(C _ ) ^sup ^^ \\(G^)*&i(z k )\\. 

k<n \On,k\ k<n \^n,k\ 



With Theorem 12.31 we further obtain 

Corollary 2.10 If H is a separable Hilbert space, 1 < p < oo, 1 < s < oo, and 



k=i k \ bco ' k \ S 
is a scalar ^-Carleson measure, then E(H P (C + ,C N )) D £ s {Jk)- 



If p = 2 and N = dimW < oo, we can also deal with the weighted case. 
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Theorem 2.11 Let (G k )k&h (Ik)k<=N, (zk)keNi be defined as above, and let f i— > E(f) = 
{Gkf{zk))keN be the evaluation operator. Suppose that WQ is a matrix A2 weight. 
Then E(H^(C+,C )) 5 £ 2 (Jk), if and only if the scalar measure 

OO |OT3 |2 

E^^F^n^ 1 * 0/ ^)(( 0/±V0/± )^)) 1/2 ii 2 

k=l ' 

is Carleson. 

Proof By Theorem 1 2. 6 \ we have to investigate the boundedness of the Carleson embedding 

J^.H 2 W (C + ,C N )^L\C + ,C N ,H), (11) 



where W = 9^ V" 1 ^ and y, = E^li K 1 | 6 * e gj J (z fc )*Gfc ^ **0 f (*fc)- The weight W 

r_L * r_L 

is a matrix ^2 weight, since WQ is a matrix A2 weight. With the notation as in 
Theorem 12.41 we have 

L 2 (C + ,C^) = L^(C + ,C^_ 1 ) 

where d^.^z) = {W{z))- 1 / 2 dy{z){W{z))- 1 / 2 . Thus by Theorem E3 E3 and a comparison 
of trace and norm, the embedding 

L%(iR,C N )^L 2 (C+,C N , fJ ,), (12) 

is bounded if and only if the scalar measure 

00 I O "D 1 2 

k=i |0oo ' fc| 

is Carleson. By the splitting L^(iR, C N ) ~ fl^C+j C^) ^(C_, C*) as in ©, the latter 
embedding (fT2|) is bounded if and only if (fTTj) is bounded. 

Finally, using the A2 property of W again, we see that the measure (fl~3j) can be replaced by 

E'J^r \\G^e\z k ){w-\ Zk ))VY 

I "00, k I 



k=l 



J2sJ^^\\G^e\z k )((e^wen(zk)) 



fc=i 



In contrast to the scalar case, the matrix A2 property for W does not necessarily imply the 

r_L * r_L 

property for WQ . In fact, it is not difficult to show that if W is matrix A2, then 
WQ is matrix A2 if and only if the multiplication operator M &1 ± : L^-(iR) — > L^(ilR) 
is bounded. One easily sees that such multiplication operators can have arbitrarily large norm 
even for weights of the form 

( l ° 

for fixed a, \a\ < 1. 
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Therefore, the most important case for applications is the case of scalar weights. Here we can 
also deal with 1 < p < oo, following [9]. We will state our condition in a slightly different 
way from [9J. Recall that for 1 < p < oo a function w on R is called an A p weight, if it is 
measurable, a.e. positive, locally integrable, and 

sup (j-r I w(x)dx \ ( Tjr f w~ 1 ^ p ~ 1 \x)dx \ < oo. 
IcM.,1 interval VkI Jl J W\Jl J 

or, in Mobius- invariant form, if 

sup w(z)(w~ 1 ^ p ~ 1 ^)(z) < oo, 

zec+ 

where the symbols w, u) _1 /( p_1 ) are also used for the harmonic extensions of the respective 
weights to C+. It follows immediately from the definition that w is an A p - weight if and only 
if is an ^/-weight. With this notation, we obtain 

Corollary 2.12 Let (Gk)keN, (^fc)fceN; (zk)k<=N, be defined as above, and let f t— > E(f) = 
(Gfc/(zfc))fcgpj be the evaluation operator. Suppose that 1 < p < oo and that w is a scalar A v 
weight on iR. 

Then E(H%j(C+,C N )) 5 ^(Jk); if an d on ^V if the scalar measure 

00 10 V) |2 

fc=i |0oo ' fc| 

is Carleson. 

Proof By Theorem 12.61 we have to investigate the boundedness of the Carleson embedding 

4* = <-i/( P -D (C+.C*) - Lf'(C + ,C N ,» p ), (14) 

where fi p = Ylk^=i 5 Zk ^, Rc ^/ (O 1 (z^)* G^ 1 G~ k 1 * Q 1 (z^))? I 2 . Writing w for the harmonic ex- 
tension of and, similarly to the previous proof, 

L P (C + , C N , dn p ) = L^(C+, C", dfip), 

where dfl p (z) = w~ 1 (z)dfj, p (z), we can use the fact that w is an ^/-weight together with 
the scalar weighted Carleson embedding theorem to obtain that the embedding is bounded, 
if and only if dp, p = w~ 1 (z)dfj, p (z) is a Carleson measure. The Mobius-invariant form of the 
A p condition for w ensures that tD _1 (2:/%) ~ w(zk) for all k, with equivalence constants only 
depending on the A p constant of w, and we obtain that dfl p is a Carleson measure if and only 

if E^i^^^ll^ 1 * 01 ^)!^'^^) is Carleson. ' ■ 

Returning to the case p = 2, we obtain an interpolation result for certain Sobolev spaces 
which will be useful for an application in control theory. 
For (3 > 0, recall the definition of the Sobolev space W^(R + ), 

H 2 p(R+) = {/ G L 2 (R+) : \xff G L 2 (iM)}. 

This is a Hilbert space with the norm ||/||| * = H/Hl+IIW/lli- Letting £ denote the Laplace 
transform, Cf(z) = f{z) = f(t)e~ tz dt for z G C+, we obtain 
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Corollary 2.13 Let (Gk)keN, (Ik)k<=N, (zk)keN, be defined as above. Let < (3 < 1/2, and 
let E be the evaluation operator on H|(R+) given by f i— ► = (Gk£f(zk))keN- Then 

E(7i^(M, + , C N )) D £ 2 (Jk), if and only if the scalar measure 

fc=l 1 

is Carleson. 

Proof Clearly the Laplace transform defines an operator 

H}(R + ,C N ) -> F ( 2 1+M2 , ) (C + ,C 7V ) 

which is an isometric isomorphism up to an absolute constant. It is well-known that the 
weight (1 + |w| 2 ^) is A2 if and only if \j3\ < 1/2. Thus we obtain the result from Corollary 
I2TT21 ■ 



2.4 Some estimates for m np s 

We give some estimates for the interpolation constant m ra)P)S . The proofs are similar to the 
case p = 2 in [B], Sections 2.4 and 2.5, so we just state the notation and results here. 



2.4.1 Finite union of Carleson sequences 

The first estimate concerns the case that (z k ) is the union of K Carleson sequences. Here, 
for an estimate of the m niPiS (up to a constant), the G^(zfc) can be replaced by a Blaschke- 
Potapov product with at most K factors, &n' r (zk), where the factors correspond to the zj in 
a suitably small hyperbolic r-neighbourhood of z^. 

Corollary 2.14 Let (z^) be the union of K Carleson sequences and let r > be such that 
each of the Carleson sequences is r- separated in the hyperbolic metric. For k £ N, define 
®n z fc r as the Blaschke-Potapov product associated to the shift-invariant subspace 

£n,z k ,r = {/ € H P (C+,C N ), f(zj) £ Lj for all Zj with d(zj,z k ) < r/2,j < n}. 
Then for 1 < p < 00, 

mn, P ,S ~ ll^in,i-,rl_f/P'(C + ,C iV )^L s '(C + ,W,M„,/,r, S )ll ^ G ^ ' 

where fi n ,i,r,s = Y^k=i ^\f eZ \s' ll^fc 1 ®^ Zk r( z k)\\ s '$z k and J Vknlr is the associated Carleson 

I On , k ' 

embedding. 

Proof As in the case p = 2 in [6], Corollary 2.12. ■ 
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2.4.2 Angles between subspaces 

As in the case p = 2, interpolation conditions can be written in terms of angles between 
certain subspaces of H 2 (C N ) rather than in terms of the inner function Q 1 . Recall that the 
angle between two non-zero vectors v\ ,V2 in a Hilbert space V is given by 



'{vi, V2) '■= arccos 



(V1,V2) 



\Vl\\ \\V2\ 

and the angle between two nontrivial subspaces V% and V2 of V is defined as 

Z(V 1 ,V 2 ):= inf Z(«i,«2). 

«ieVi\{o},«ae%\{o} 

The angle between a vector and a subspace is defined analogously. 

To recall some notation, for n E N, k = 1, . . . , n, we write 

JC kJ = ((b k P Ik +P I ^)) ± = k Zk I k , 

K' kyIyn = span{^J, :j = l,...,n,j^k} = (Q'l^H 2 ^)^ 

and 

JC' kJ = S p a n{k Zj I r .jeN,j^k} = (efH 2 ^)^. 

where & kn is the Blaschke-Potapov product as in Lemma [2.51 corresponding to \Zj,j = 

1, ... ,n,j 7^ k}, and O'^ is the infinite Blaschke-Potapov product corresponding to {zj,j £ 
N, j 7^ k}. We will state some interpolation results in terms of angles between such subspaces 
in H 2 (C+,C N )- 

Corollary 2.15 Suppose that N = dimTC < 00. Suppose that there is a sequence of positive 
real numbers (a k ) such that with the above notation, G* k G k = a k Pj k for all k G N. Then for 
1 < p, s < 00, 

mn , p , s « Carl, /p ,(g ^V(^UJF' 2J 
and f 

with equivalence constant depending only on N , p, and s. 

In the case of (z k ) being the union of K Carleson sequences, Cor pilar v 1 2 . 1 4 1 yields 

Corollary 2.16 Let 1 < p < 00, G* k G k = oi 2 Pj k for all k, let (z k ) be the union of K Carleson 
sequences, and let r > be such that each of the Carleson sequences is r-separated in the 
hyperbolic metric. For k £ N, define K,' kIrn = spanj/c^.Tj : j = 1, ...,n,j 7^ k,d(zj,z k ) < 
r/2}. Then 

m n , p , s « Caring ^z^K^J^ 
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and 



m PtS = supm„,p, s w Carl s / /p /(y~] 



(Rez fc ) s 



j l Q! fc| S 'l^(^fe,/'^'fe,/,: 



iwii/i equivalence constant depending only on N,r,K. Here, we define fC' k Ir = sp&n{k Zj Ij : 
j G N,j / k,d{zj,z k ) < r/2} and \ZQC k j±, KL' kIrn )\ = tt/2, if {zj : j = l,...,n,j / 
k,d( Zj ,z k ) < r/2} = 0. 

In the case that G k G k is not the multiple of an orthogonal projection, the m n ,%>,s can still be 
estimated in terms of angles between subspaces in H 2 (C+,C N ), albeit in a more technical 
way. 

Corollary 2.17 Suppose that N = dimW < oo, and suppose that for each k £ N, the operator 
G k '■ C N — > C N is given as 

( 9h \ 



Gi 



9k,d k 





V J 



Then for 1 < p < oo, 



m 



3iir»-l„.i|2 



n,p,s 



p k=1 \ i=l ^(^^i'^^JP 



s'/2 



^) 1/S ' 



and 



s'/2 



m PyS = sup m n , p ,.. 

nGN 



^) 1/S ' 



Carl , v ( v 

with equivalence constant depending only on N . Here, 

v k% = span{span{c/ M , . . .,gk,d k } ± U span{si fcii : 1 < j < d k , j / i}} 1 - 
for 1 < i < d k . 

In an infinite-dimensional version, we only have an upper bound for the m P)S from Theorem 



Corollary 2.18 With the notation as above, Tt a separable Hilbert space, 1 < p < oo, 



Finally, we briefly want to comment on the boundedness of the evaluation operator. 
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Theorem 2.19 Let 7i = C N and for each k £ N, let G k : — ► C N with the notation as 
above. 

1. For 1 < p, s < oo, the following are equivalent 

(a) E(HP(C + ,C N ))c£ s (J k ). 

(b) The measure Y^k = i\\Gk\\ s b~z k is s/p-Carleson. 

2. For 1 < p, s < oo, the following are equivalent. 

(a) E(HP(C + ,C N ))=e s (J k ). 

(b) i. the linear maps 

-G* k :J k ^I k (15) 



(Rezfc)Vp 

are uniformly bounded above and below, 
**• { z k)k&i is the union of at most N Carleson sequences, and there exists a 

constant r > such that the systems {I k ■ Zf. G D r (a)} are uniformly Riesz in 

C N for all a G C + (in other words, the system {k Zk I k } k& ^ is unconditional in 

HP(C+,C N )), 
Hi. X^fcLi(^ e z k) s ^ p $z k is an s' /p' -Carleson measure 

and ^2k%i0^ e z kY^ p ^z k is an s/p-Carleson measure. 
(The last condition is redundant in the case p = s). 

Proof 1. This follows easily from 

oo „ 

iw)ir = Eii G */(^)ii*= / (d» 2/s Az)j(z) s/2 ), 
k=i Jc + 

where fi = Ylh=l(^k^k) s ^ 2 ^z k , the matrix Carleson-Duren embedding Theorem 12.3} and a 
comparison of trace and norm. 

2. We first show (a) => (b). If E : H P (C+, C N ) -> £ s ( J k ) is bounded and surjective, then 

E* : t\j k ) - HV'(C + ,C N ), (x k ) ^^k Zk G* k x k 

ken 

is bounded and bounded below. Applying E* to (0, . . . , 0, xp., 0, . . . ), we see that ||/c 2fc G^Xfc||p' ~ 
\\x k \\ for all k £ N, x k G I k and that the linear maps ( Re / ^y p G k : J k ^ I k are uniformly 
bounded above and below. In other words, the map 



t{j k ) -> £ s (/ fc ), (x fc ) -> ( (R J fc)1/p G ^) 



is an isomorphism of Banach spaces. That means, the map 

E : fl*(C+,C")) = t{I k ), f -> {Rez k ) l ' p P h f{z k ) 
is bounded and surjective, and 



E*:£ s '(I k )^HP'(C+,C N ), (x k )^J2( Rez ^ /Pk ^ x x ( 16 ) 



k=i 
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is bounded and bounded below. 

Boundedness of E implies with Part (1) that the measure pL\ = Y^T=i0^ e z k) s ^ p ^z k is s/p- 
Carleson. Surjectivity of E implies by Corollary 12.151 that 

(Rez k ) s ' ~ (Rez k y'/P' 

^ (Rez k y/p\Z(lC kjI ,lC> k>I )\s' Zk ^ |Z(/C M ,/C' M )|-' Zk 

is a s' /p' Carleson measure, so certainly 

oo 

^ = J2(Rez k ) s '/ p '5 



k = l 



is a s'/p' Carleson measure. (Here, a k = (Rezfc) 1//p in the notation of Corollary 12.151 ) 
The necessary condition (3) in Theorem 12.11 for both Hi and ^2 an d a simple convexity 
argument then imply that Y^=\ ^ e z k$z k is a Carleson measure, and (z k ) is consequently a 
finite union of Carleson sequences (see e.g. [lQj . Lecture VII). 

Boundedness below of E* then implies that for suitable r > 0, the systems {I k : z k S D r (a)} 
are uniformly Riesz in for all a G C+. 

By [13], this means that the system {k Zk I k } k< =f$ is unconditional in H 2 (C+,C N ). 
For the direction (b) =^ (a), note that the unconditionality of {k Zk I k } k& ^ in H 2 (C 
implies in particular 

inf Z(JC kJ ,JC k j)>0. 
So, since /ii = X^i(R e z k) s '^ p ' 5 Zk is a s'/p' Carleson measure, the measure 



E 



(Rez fc ) s ' /p ' 



-|Z(/C fejJ ,/C' fe)/ )h' Zfc 



is also s'/p'-Carleson, and £7 is surjective by Corollary 12.151 

Since = X^A^=i(R' e z k) s ^ p $z k is s/p-Carleson, it follows from Part(l) that E is also bounded. 
The uniform boundedness and boundedness below of the maps ^ Rez ^ 1/p : J k — > I k now 
imply boundedness and surjectivity of E. ■ 



3 Controllability 

In this section we apply the results on interpolation by vector-valued analytic functions to 
controllability problems of infinite-dimensional linear systems. We study a system of the form 

x(t) = Ax(t)+Bu(t), t>0, (17) 

x(0) = Xq. 

Here we assume that A is the generator of an exponentially stable Co-semigroup (T(t))t>o on 
a Banach space X such that for some s with 1 < s < 00 the eigenvectors (</>n)neN of A form a 
basis of X, equivalent to the standard basis of £ s , and the corresponding eigenvalues (A„) n€ N 
are pairwise distinct. The eigenvalues (A n ) rig N then lie in the open left half plane uniformly 
bounded away from the imaginary axis. For our input space U we shall fixW = L p (0, 00; C ) 
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for some p with 1 < p < oo or a Sobolev space U = H|(R-f) with — \ < (3 < |; then we take 
We assume that the control operator is given by 



Bv = y^(v,b n )(f> n , v£ 



n=l 

where (6 n ) n C C^, and, to avoid trivial cases, that b n for all re. Thus 5 is a linear 
bounded operator from to 

*(M = {£^:{^^} eA 

equipped with the norm 

IMI(bn) : = 

One important feature of the interpolation space X^ bn ^ is that the semigroup (T(t))t>o can be 
extended to a Co-semigroup on Xr b \, which we denote again by (T(t)) t >o, using the property 
that T(t)cf) n = e Xnt <j) n for n £ N, and the generator of this extended semigroup, denoted again 
by A, is an extension of A. By a solution of the system (|17|) we mean the so-called mild 
solution given by 




x{t) =T(t)x + [ T(t - s)Bu(s) ds, 
Jo 



which is a continuous function with values in the interpolation space X/ bn y We introduce the 
operator B^ £ C(U,X( bn )) by 



poo 

BooU := / T(s)Bu(s)ds. 
Jo 



In the literature on infinite-dimensional system it is often assumed that the operator B is 
admissible for the semigroup (T(t))t>o, an d thus for some of our results we will include 
admissibility in the assumptions. 

Definition 3.1 B is called admissible for (T(t))t>o, if BqqU G H for every u GU. 

Admissibility implies that the mild solution of (|17p corresponding to an initial condition 
x(0) = xo £ H and to u E U is a continuous //-valued function of t. The case U = 
L p (0,oo;C N ) has been introduced and studied in [18] and [17j . The case U = TL 2 ^{W + ) seems 
to be new and not yet studied in the literature. For further information on admissibility we 
refer the reader to the survey [I]. 

Using the special representation of A and B we see that 



POO °° POO °° 

/ T{t)Bu(t)dt = Y j e x " t (u(t),b n )dt<j )n = y2( 

J n =l J ° n=l 



u(-X n ),b n )<j) n , (18) 



for every u £ U. 

It follows that B is admissible for {T(t))t>o if an d only if BIA C £ S (N), where B : IA — > {x : 
N -> C} is defined by 

Bg := ((g(-\n),b n ))n. (19) 
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We shall write OA for the space of Laplace transforms of U, noting that for 1 < p < 2 we have 
a bounded operator C : L p (0,oo;C N ) i— ► H p (C + ,C N ), where p' is the conjugate index to p, 
and for 2 < p < oo we have a bounded operator £ _1 : (C + , C ) — > L p (0, oo; C^). (This is 
basically the Hausdorff- Young inequality [7, VI. 3].) The other choice of mentioned above 
is the Sobolev space 7i|(M+), and here we have already noted that £ defines an operator 

H}(R+,C N ) - Hf 1+H20) (C + ,C N ) 
which is an isometric isomorphism. 

We now apply the results on interpolation by vector-valued analytic functions to admissi- 
bility. To obtain necessary and sufficient conditions, we work first with the spaces IA = 
C~ l H p (C+j C ) with the norm induced from H p , and then with the spaces IA = L p (0, oo; C N ). 

Theorem 3.2 Suppose that IA = L~ 1 H P (C+,C Ar ) with 1 < p < oo. Then B is admissible 
for (T(t)) t >o if and only if the measure Ylk^i l^fe| s ^fe ^ s s/p'-Carleson. 

If U = L p (0,oo;C N ) with 1 < p < 2 then B is admissible if the measure ^2^Li \bk\ s S-\ k is 
s/p'-Carleson. 

If IA = 1^(0, oo;C ) with 2 < p < oo then the admissibility of B implies that the measure 
Y%Li l^fcl^^-Afe is s/p'-Carleson. 

Proof Choosing H := C N and defining G k e C NxN by G* k := (b k 0---0), k G N, the 
theorem follows immediately from Theorem 12.191 

■ 

Theorem 13.21 can also be found in [17]. We shall discuss the following controllability concepts. 
Definition 3.3 Let r > 0. We say that the system |i7| j is 

1. null-controllable in time r, if R(T(t)) C R{Boo); 

2. approximately controllable, if R(B oo) n X is dense in X; 

3. exactly controllable, if X C R(B oo). 

Here R(-) denotes the range of an operator. It is easy to see that every exactly controllable 
system is approximately controllable and null-controllable in any time r > 0. 

3.1 Conditions for exact controllability 

As in [SI [6] we may reduce the question of exact controllability to an interpolation problem. 
This can then be solved using the results of Section [2 Using (|18p . it follows that the system 
(|17p is exactly controllable if and only if ^ S (N) C BIA. where B : U — > {x : N — > C} is defined 
by (USD. 

To obtain necessary and sufficient conditions, we work first with the input spaces U = 
C- l H p ' (C + ,C N ) (with the norm induced from H p ). There are two cases to consider. 

Theorem 3.4 Suppose that hi = £~ 1 H P '(C+, C^) with 1 < p < s' < oo. Then the following 
statements are equivalent: 

1. System is exactly controllable. 
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2. There exists a constant m > such that for all h > and all u G R: 

V l ReAn l* < m h s '/P (20) 

-A^,h)ll 6 "l| S 'l Z ( eA " <6 «' Span ^ e N{^%})| S ' " ' 1 ' 

where R(u, h) := {s G C + : Re s < h, u> — h < Im s < to + h}. 

Theorem 3.5 Suppose that U = C^ 1 !!? (C+,C N ) with 1 < s' < p < oo. Then the following 
statements are equivalent: 



1. System \17\) is exactly controllable. 

2. The function 

U " S ll^lhV(e^^J,^nt„ jeN {e^'6,})|^- A " (M (21) 
lies in LPl(P~ s > (R) . j/ere p-A n denotes the Poisson kernel (QP /or — A n . 
Remark 3.6 In the scalar case N = 1, expressions (|20p and (|21[) can be simplified, since 

(22) 



|Z(e A »*6 n ,span^ nj . 6N {e A i*6 J })| x [] 



A n — Aj 



An + Aj 

The resulting expressions provide a generalization of [5, Thm. 3.1]. 

Proof of Theorems [33 and [33] We choose H := C N and we define G fc G C JVxAr by := 

(6jfe • • • 0), k G N. Note that system (JT7D is exactly controllable if and only if I s (N) C BW. A 
weak* compactness argument shows that the latter holds if and only if 

sup sup inf{||/|| w : / eU,G k f(-X k ) = (x k 0---0) T ,k = 1, • • • ,n\ 

||x||,<l 

is finite. Thus we have reduced the question of exact controllability to an interpolation 
problem treated in Section 2. Using the notation of Section 2 we have 

Z(/C M ,/C' M ) = Z^b^sp&n^k^e^bj}). 

Theorems 13.41 and 13.51 now follow from Corollary 12.151 ■ 

This gives an immediate corollary for IA = £^(0,00; C ). In the case p = 2 it provides 
necessary and sufficient conditions for controllability, but even for other values of p it provides 
an implication in one direction or the other. 

Corollary 3.7 Suppose that U = L p (0, 00; C N ). Then: 

(i) If 1 < p < s' < 00 andp > 2, then $20\) is a sufficient condition for the exact controllability 

of fry. 

(ii) If 1 < p < s' < 00 and p < 2, then &20\) is a necessary condition for the exact controlla- 
bility of (73). 

(Hi) If 1 < s' < p < 00 and p>2, then \21}) is a sufficient condition for the exact controlla- 
bility of (Tfy. 

(iv) If 1 < s' < p < 00 and p < 2, then \21\) is a necessary condition for the exact controlla- 
bility of (Tfy. 
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Proof This follows from Theorems [33] and (33J together with the Hausdorff- Young theorem 
mentioned above. ■ 

We now consider controllability in the situation U = Hn(K+, C^) (again sufficient conditions 
and necessary conditions can be derived for other values of p with 1 < p < oo, using Corollary 
12.121 but we shall omit them). For < (3 < 1/2 we shall write <j)2p{z) for the harmonic 
extension to C+ of the function iuj i— >• \u>\ 2 @ defined on the imaginary axis. This is given by 

1 f 00 x\uj\ 2f3 

For real arguments (i.e., y = 0), we have the particularly simple expression 

5 2/9 roo 1^1 2/3 



x Mi roo \ t vzp 
^( X ) = —J_ oo W+l dt > 



which makes the analysis of the case of real eigenvalues by means of the following result 
relatively straightforward. 

Theorem 3.8 Suppose that U = Hp(M + ,C N ) with < < 1/2. Then the following state- 
ments are equivalent: 

1. System JT7[ ) is exactly controllable. 

2. There exists a constant m > such that for all h > and all uj G R: 

| ReA ra | 2 f/>2 ) g(-A ?1 ) 

where R(u, h) := {s G C+ : Re s < h, uj — h < Im s < uj + h}. 
Proof This is proved in the same way, using Corollary 12.131 and the identity 
IIG-^-A^p 1 || '(-A n )|P 1 1 



l^oonl 2 ||&n|| 2 |&oon| 2 || K || 2 | Z(e A "*6„, span^ j eN {e x ^bj}) 1 2 ' 

given in [Bl Lem 2.15]. ■ 
Concerning admissibility and controllability we have the following equivalent condition. 

Theorem 3.9 Suppose thatU = C' 1 H p ' (C+ , C N ) ■ Then B is an admissible control operator 
and the system fi7[) is exactly controllable if and only if 



G N, 



1. The sequence 

INI 



\ReX k \ 1/p ' 
is uniformly bounded above and below. 

2. {k-\ k bk} is unconditional in H P (C+,C N ). 

3. ^fc^=i(-^ e ~~ ^k) s ' l p ' $-\ k ^ o- n s' /p'-Carleson measure 
and Yl'kLi(R' e ~ ^k) s ^ p fi-\ k is an s/p-Carleson measure. 

Proof Choose H := and defining G k G C NxN by G* k := (b k • • • 0), k 6 N, the theorem 
follows immediately from Theorem 12.191 ■ 
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3.2 Conditions for null controllability 

As for exact controllability, the question of null controllability is easily reduced to an inter- 
polation problem. Using (|18p it is easy to see that the system (|17p is null-controllable in time 



r if and only if {(e x n ) n : (x n ) n £ £ S (N)} C BU, where B is defined by (fl~9|) . Replacing b^ 
by e~ XkT bk in the previous subsection, we obtain the following two theorems (j3. 101 and 13. 1 ip . 

Theorem 3.10 Suppose thatU = £~ 1 H' P '(C + , C N ) with 1 < p < s' < oo. Then the following 
statements are equivalent: 

1. System Ji7| ) is null- controllable in time t. 

2. There exists a constant m > such that for all h > and all oj 6 M: 

V 1 w| e " < mh s '/P (24) 

_ An ^JI^|| s V(e A "'6n, S pan jVnjeN {e^%})| S ' " ' 1 j 

where R(uj, h) := {s G C+ : Res < h, to — h < Im s < to + /i}. 

Theorem 3.11 Suppose thatU = £~ 1 iP'(C + , C^) with 1 < s' < p < oo. T/ien the following 
statements are equivalent: 

1. System (T7\ ) is null- controllable in time r. 

2. The function 

u zZ iil in'i / ( \ th / a ft, iw P-A, («•>) (25) 

^ II &n II s |Z(e A " t 6 n ,span jynj . gN {e^ t 6 j })| s 

Zies in Lp/(p- s ') (R) . 

Remark 3.12 Once again, expressions (|24p and (|25p simplify in the scalar case N = 1, using 
(]22p : the resulting formulae provide a generalization of [H Thm. 2.1]. 

Corollary 3.13 Suppose thatU = L p (0, oo; C^). T/ien: 

(i) If 1 < p < s' < oo and p > 2, i/ien ( fi?^[ ) is a sufficient condition for the null controllability 
of fi?p m £ime r. 

fwj J/1 < p < s' < oo and p < 2, then (2~4\ ) is a necessary condition for the null controllability 
of [T7\ ) in time r. 

(Hi) If 1 < s' < p < oo andp > 2, then A25\) is a sufficient condition for the null controllability 
of fiTp in time r. 

(iv) J/1 < s' < p < oo andp < 2, then {25\) is a necessary condition for the null controllability 
of (f in time r. 



Proof Again this follows from Theorems l3.10l and l3.lll using the Hausdorff- Young theorem. 
■ 

Similarly to Theorem 13.81 equivalent conditions concerning null controllability for the case 
U = Hl(R+,C N ) with < p < 1/2 can be obtained. 
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3.3 Conditions for approximate controllability 

Next we characterize approximately controllable systems in terms of their eigenvalues and the 
operator B. By e n we denote the nth unit vector of C^. For the purposes of this subsection, 
we introduce the interpolation space X s a defined for o£i and 1 < s < oo by 



|^x n «/» n :{x n |A n | Q }G£4, 

IneN J 



with norm 

l/s 



X 



— f V Ir l s IA \ as I 

VnGN / 



The dual space to X s>a , with the natural pairing, can be identified with X a r a , and clearly 
X = X S: q. 



Theorem 3.14 Suppose that U = 17(0, oo; C^) with 1 < p < oo, {A n : n £ N} is totally 
disconnected, that is, no two points A,fi £ {A n : n E N} can be joined by a segment lying 
entirely in {\ n : n S N}. Then for B E C(C N , X s>a ) the following properties are equivalent: 

1. The system is approximately controllable. 

2. rank((f?ei, <p n ), ■ ■ ■ , (BeN, <t>n)) = 1 for all n E N. 
Proof It is easy to see that statement 1 implies statement 2. 

To show that statement 2 implies statement 1, we adapt the proof of [21 Thm. 4.2.3], beginning 
with the special case that B E £(C , X). We need to show that the reachability subspace 
n = r(b oo) is dense in X. As in [2, Thm. 4.1.19] we obtain that 1Z is the smallest closed, 
T(t)-invariant subspace in X containing R(B) and hence equal to the closed linear span of 
{4> n : n E J} for some JCN, see [21 Thm. 2.5.8]. The remainder of the proof follows exactly 
as in [21 Thm. 4.2.3]. 

To deduce the result in the general case B E C(C N , X SjCe ), we fix an integer m > —a. Now 
we know that the system [A, /3), where 



H ^ i-A,) m J y 1 
j=i j> 

is approximately controllable, by the arguments above. Using the fact that 

OO oo 

B oof = Y J ^(fQtlB^dth = V(/(-Aj),i?*<^ 
i 7i) 

where / denotes the Laplace transform of /, we get that the set 
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is dense in H. Similarly, let 



Sb := { ^</(-Ai),£>i>^ : / e W(l 

3=1 



Now if / € ^(0,00;^), then so is the function g obtaining by taking the convolution 
between / and the function 1 1— ► t m ~ 1 e~ t /(m — 1)1, and then 



Hence Sp C 5s, which implies that 5b is dense in X, as required. ■ 

It would be of interest to decide whether the above result still holds for arbitrary Xn^, but 
it seems that the methods of the proof do not extend directly to the general situation. 

3.4 Application to the Heat Equation 

As in (5j [6], we shall very briefly consider the one-dimensional heat equation on [0, 1], given 
by 



—S^t) = 75*2 (£>*)> (£e(0,l), i>0), 



dz , , d 2 
z(0,t) = 0, z(l,t) = u(t), (t>0), 

*(£,o) = ^o(e), (£e(o,i)). 



This may be written in the form (|17p with X = L 2 (0, 1), and A<p n = X n (j) n for n € N, where 
4>n(x) = v / 2sin(n7T2;) and A n = — 7r 2 ra 2 . 

We shall take scalar inputs with 6 n = nexp(— n 2 ), but, to avoid repeating arguments analo- 
gous to those in [U [6], we shall consider the case s = 2, p > 2, where Carleson embeddings 
cannot be tested directly on rectangles, in order to demonstrate how Theorem 13.111 and Re- 
mark [3J2] can be applied. 

We make use of the following two estimates. 
1. From [5], one has 

A^ + A 



An — A ? ' 



< exp(4n(l + logn)) for each n G N. (26) 



2. The L q (iM) norm of a Poisson kernel can be estimated by direct integration using ([I]), 
and one obtains 

\\ Pz \\ Lq x (Rez)- 1+1 / g for z G C+, (27) 
which with g = p/(p — 2) yields (Rez)~ 2 / p . 

In the framework of Theorem 13.111 and Remark 13.121 with Li = £ _1 // P '(C+,C) a necessary 
and sufficient condition for null-controllability in time r is that the function 

2 

P-AnM (28) 



a; 1— > n 2 exp(2n 2 ) exp(— 2n 2 7r 2 r) 

neN j^n 



An + A 7 
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lies in L p /(P" 2 )(1R). This is a sufficient condition in the case U = L p (0,oo;C N ), by Corol- 
lary (3T31 Note that checking such a condition is made simpler by the fact that the expression 
in (|28|) is a sum of positive functions 

We deduce easily using (|26|) and ([27]) that estimate ([28]) holds if r > l/ir 2 , since the series 
of Poisson kernels converges in 

UP/ip-2) 

norm, but does not hold if r < 1/tt , since the series 
does not converge. This is in accordance with the results obtained in the case p = 2. 

4 Conclusions 

We have seen that problems of minimal-norm tangential interpolation can be linked to ques- 
tions involving Carleson measures and to more general versions such as those presented in 
(3j [8] . These in turn have applications to controllability questions where the input spaces are 
vectorial Sobolev spaces or L p spaces. Provided that the sequence of eigenvalues is reasonably 
regularly-distributed, it is possible to solve such questions by the techniques presented above. 

One significant open question remains, namely, to find an exact necessary and sufficient 
condition for interpolation in the right half-plane by functions that are Laplace transforms of 
L p (0, oo) functions; even the discrete case of interpolation in the disc by an analytic function 
whose Fourier coefficients form an £ p sequence is only fully solved in the case p = 2. A full 
answer to this question would have immediate applications. 
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